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The background

* The four-color problem was first posed by Francis Guthrie in 1852 [2].

* No more than four colors are required to color the regions of any map
so that no two adjacent regions have the same color.

France

Belgium, France, Germany, and Luxembourg
are all neighboring countries, so the map

_ The forty-eight contiguous states of the United States
requires four colors [2]

(excluding Alaska and Hawaii) were colored with four colors [2]
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The background

* It can be proved that every map has at least one region with five or
fewer neighbors by using Euler's formula [3].

* One proposed proof was given by Alfred Kempe using Kempe Chain in
1879 [2].

Alfred Bray Kempe (1849-1922)
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The background

* Percy Heawood found counterexample of Kempe’s proof in 1890 [2].

originally green

originally yellow

Percy John Heawood (1861-1955)

However, he used the Kempe’s ideas to prove the Five-Color-Theorem.
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The background

* Alfred Errera found counterexample of Kempe’s proof in 1921 [1].




M UNIVERSITY OF MINNESOTA DULUTH

Driven to Discover:

A Novel Method of Rotation

Table 1. The left rotation table with the first 17 rotates [5, 6, 7].

. % . . . _
e Xje has developed 3 novel ( Note. after.16 rotates, the r.el.afclve color and location of-the 5
neighbor regions back to the initial one, however, we can just

method of rotation inspired by a keep increasing the number of the subscript for more rotates.)

rotation principle from Zhuan | normes | chind [ chin2 | shor | Doubles | nterchange | Formnew |

Falun book [4] of Falun Dafa to : e
2 BG RG G Y, Y, Inside BG, YR, Y,B
prove the Four Color Theorem S vWB 86 B RR e8RS R
4 R,Y; Y,B Y, G, G, Inside R,Yy, G—>B; G4R;
[5 ] . 5 G4R, R,Y; R, B, B, Inside G;R;, B=>Y, B,G;
6 B,G; GR; G, Yy, Y, Inside B,G,, Y;—>R, Y,B,

GR chain__ RY chain  GRchain RY chain RY chain  GR chain RY chain  GR chain RY chain GR chain

— 5 7 Y,B, B,G, B, Ry Ry Inside ¥,B,, R,>G, R,Y,
8 R,Y, Y,B, Y, Gy, G, Inside R,Y,, G;—>B, G,R,
9 G,R, R,Y, R, B1, B, Inside G,R,, B1=>Ys B,G,
10 B,G, G,R, G, Y, Y3 Inside B,G,, YR, YB,
11 Y1B, B,G, B, Ry, R3 Inside Y3B,, R,—>G, R5Ys3
RY chain o G il 12 RaY; Y,B, Ya G, Gs Inside RyYs, G, B3 GiR;
RY chain 13 GiR, RsYs Rs B,, B Inside G3R3, B,>Y, B:G,
14 B,G; G3R; G, Y, ¥, Inside B3G3, Y;>R, Y,B;
RY chain 15 Y,B; B,G; B, R, Ry Inside Y,4B3, Ry>G, R.Y,
16 R,Y. Y,B, Y, Gs, Gy Inside R,Y,, G3—=>B, G4R,4
17 G.R, RaY, Rs Bs, By Inside G4R4, Ba>Ys B4G,
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A Novel Method of Rotation

Table 2. The right rotation table with the first 17 rotates (*Note: after 16 rotates, the relative color and
location of the 5-neighbor regions back to the initial one, however, we can just keep increasing the
number of the subscript for more rotates.)

Inside RY, B—>G,

2 RY ¥B Y G, G, Inside ¥B, G>R, BG,
3 YB BG, B R. R, Inside BG,, R>Y, G,R,
4 BG, G,R, G, Y, v, Inside G,R,, Y->B, RY,
5 G,R, R,Y, R, B, B, Inside R,¥,, B1—>G, Y,B,
6 R,Y, Y,B, Y, B &y Inside Y,B,, G, >R, B,G,
7 ¥,B, B,G, B, R, R, Inside B,G,, R,—>Y, G,R,
8 B1Gz GzRz G Y., Y Inside G_R_, ¥,—>B, RY,
9 G,R, R,Y, R, B,. B, Inside RaY=, B,>G, Y,B,
10 R:Yz Y2B2 Y, G,, G, Inside YzBz, G,—>R, B,G,
11 Y,B, B.,G, B, R., R, Inside B2Gs, R,—>Y, G.R,
12 B2Gs G=Rs G, Y, Y, Inside GsRs, Y,—>B, R.Y.
13 G.R, R,Y, R, B, B, Inside R:Ys, B,>G, Y_B,
14 RsYs ¥sBs Y, G., G, Inside YzBs, G, >R, B.G,
15 ¥sBs B.G, B, R.. R, Inside B:Ga, R,—>Y, G.R,
16 B:G. GaRa G, Y. Y, Inside GaRs, Y,—>B, R,Y,
17 G,R, R,Y, R, B, B, Inside Ra¥s, B, >G, ¥,B,
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Heawood’s map

* This historic Heawood map has 25 regions, the full

combinations for every region possible to have one of e
four colors will be a very large number as 42°. \ |

* It can be very challenging to just use trial and error f /\ﬁ\ n
method to make it four-colored, even people with some | Zf&ﬁi’ff
expertise of graph coloring may still need considerable VA odegnl |
time to do it. Lo 50820
ol Le ¥ | ]

* Therefore, it is necessary to develop a systematic way to \ 1\“{/ /
achieve it, and the systematic way will have potential .Y j_//

wider applications in coloring graphs, especially with a
much larger number of regions in a map.
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Color the Heawood map using the rotation method
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Color the Heawood map using the rotation method

 To mark the RY chain and GR chain

Figure 5
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Color the Heawood map using the rotation method

* To follow the Step 1 rotation in Table 1 to perform )
B->Y, chain color interchange inside GR chain in 3 ; g
Figure 5 (*note: the meaning inside GR chain is the | {f’.\(\,}i.ﬂ;ﬁ;\} )|
side of g(green)-b(blue)-r(red) of the five neighbor I g\\:,//
regions, rather than the side of g(green)-y(yellow)- (e \
b(blue) —r(red) of the five neighbor regions). ) ‘;,S'y \

‘?\‘é\?“};?f; J] |
< \g P

Figure 6
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Color the Heawood map using the rotation method

* After the B->Y, chain color interchange, to
check whether the new chain BG (in the last
column of the row 1 in the Table 1, which can be AN
just a single region for certain special cases) can
be formed. The answer is “Yes” for BG chain
being formed for the 5-neighbor regions of the
middle uncolored region. The BG chain has been
marked and shown in Figure 7.
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Color the Heawood map using the rotation method

 To follow the Step 2 rotation in Table 1 to

perform Y->R, chain color interchange inside BG )
chain in Figure 7 (*note: the meaning inside BG #= |
chain is the side of b(blue) - y(yellow) - g(green) /b;/b\} )
of the five neighbor regions, rather than the side | f\?‘:_:'i”/\@j/):«ii{f |
of b(blue) —r(red) — y,(yellow) -g(green) of the \\f{y"‘iz»-~(,‘f’fg |
five neighbor regions). It becomes Figure 8. ORI
W)
(\ g P

Figure 8
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Color the Heawood map using the rotation method

* After the Y->R, chain color interchange, to
check whether the new chain Y,B (in the last
column of the row 2 in the Table 1, which can be
just a single region for certain special cases) can
be formed. The answer is “No” for Y,B chain hoer &l
being formed for the 5-neighbor regions of the o] et
middle uncolored region. The Y,B chain (and YB
chain because Y, and Y are just the same yellow
color) starting from Y, of the 5-neighbor regions
of the middle uncolored region has been
marked and shown in Figure 9. Figure 9
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Color the Heawood map using the rotation method

* To perform B-Y, chain color interchange, the
left-side edge can be closed and back to the
original edge of the planar map. Now the
uncolored pentagon region can be colored as B
(blue). The final result of the historic Heawood
map that can be successfully four-colored by
this novel rotation method is shown in Figure
10.

Figure 10
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Color the Heawood map using the rotation methoa

All color r-b
interchange, Y
. . e and y-g interchange, ol
* To put all steps in one slide - open the leftside
' +Twrr /s Y1 boundary to make To mark the RY [} st
Y. 7| themapfullycovera | chain and GR chain ||/
s )\ . sphere surface
b (3] :\*g\‘ ) = &
- ,\’,;«\ /‘ ,‘
\<‘r @ r 4 < e

St:ep 2 To check
Inside BG (B- whether BG |, Step 1
Y-G side not (< chaincanbe || .\ Inside GR
; B-R-Y,-G [ formed ' '
: _ | B->Y
side), Y=>R — 1
1
The answer
is Yes.
<\ Vg /
To check Then B-Y chain
whether Y B 1
) 7 interchange, and close
chain can be the left-side boundary
formed back to planar map
Y | 5 1 .- A ..‘. :
The answer 9 [ :r. | Tocolor
is No. (o35 /)  pentagonasB
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Feature of the Errera map — rotational symmetry

oS

)

* This Errera map has 17 regions, the full
combinations for every region possible
to have one of four colors will be a very
large number as 4%/,

e After 20 rotations, we return to the
original coloring.

* Therefore, it is necessary to break the
rotational symmetry and then the
rotational method can be applied in
coloring this kind of graphs. ----Idea of
multi-start.




rt rotation method

Color the Errera map using the multi-sta




o using the multi-start rotation method

a Md
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Results

Theorem (Xie, 2022)

The Heawood map can be 4-colored by the rotation method.

The Errera map can be 4-colored by the multi-start rotation method.
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Conclusions

* A systematic way to color the historic Heawood map with four colors by
the novel method of rotation [5] inspired by a rotation principle from
Zhuan Falun book [4] of Falun Dafa is shown in this article.

* The rotation method has been applied to color Heawood map and Errera
map. Errera map needs to use multi-start to first break the rotational

symmetry.

* It shows that the novel method of rotation is very powerful and can
provide a systematic approach to make maps four-colored. Running over
30 millions of simulations, this has effectively colored graphs ranging a
large variety of number of regions.

* It can have many potential applications in many areas.
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Thank you!



