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The last equation is a polynomial in 𝑝 of degree 𝑑.

Special Cases.

For 𝑑 = 3: (1,6,4), we have

Let 𝑓(𝑥) (𝑘) =
𝑑𝑘

𝑑𝑥𝑘 𝑓(𝑥) , 𝑓(𝑥) 𝑥=𝑘 = 𝑓(𝑘), then
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𝑥𝑟 (3) + 6 𝑥𝑟 (2)

+ 4 𝑥𝑟 (1)
𝑥=1

= (𝑝 − 1)(𝑝 − 3)(𝑝 − 5) + 6(𝑝 − 1)(𝑝 − 3) + 4(𝑝 − 1)

= 𝑝 − 1 3

For 𝑑 = 4: (1,10,19,5), we have
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𝑥𝑟 4 + 10 𝑥𝑟 3

+ 19 𝑥𝑟 2 + 5 𝑥𝑟 1
𝑥=1

= 𝑝 − 1 𝑝 − 3 𝑝 − 5 𝑝 − 7

+ 10 𝑝 − 1 𝑝 − 3 𝑝 − 5 + 19 𝑝 − 1 𝑝 − 3 + 5 𝑝 − 1

= 𝑝4 −6𝑝3 +15𝑝2 − 17𝑝 + 7

Theorem 1.3. Let the finite sequence 𝛼𝑘 𝑘=0
𝑑−1 be such 

that 𝑟𝑑 + 𝑑𝑟𝑑−1 = σ𝑘=0
𝑑−1 𝛼𝑘 𝑥𝑟 𝑑−𝑘
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𝑝 − 2𝑑 + 2𝑘 + 1

2

= σ𝑘=0
𝑑−1 𝛼𝑘 ς𝑟=1

𝑑−𝑘(𝑝 − (2𝑟 − 1))        QED.

Therefore, computing 𝛼𝑝
𝑑 for all odd prime 𝑝 is a problem 

reduced to computing the finite sequence 𝛼𝑘 which are 

the coefficients of 𝑥𝑟 𝑑−𝑘  such that 𝑟𝑑 + 𝑑𝑟𝑑−1 =

σ𝑘=0
𝑑−1 𝛼𝑘 𝑥𝑟 𝑑−𝑘

𝑥=1
.In general, for 𝑑 = 𝑑, let 𝛼𝑚,𝑑 be 

such that 𝑟𝑑 + 𝑑𝑟𝑑−1 = σ𝑚=0
𝑑−1 𝛼𝑚,𝑑 𝑥𝑟 𝑑−𝑚

𝑥=1
 then

𝑟𝑘 

𝑚=0

𝑑−1

𝛼𝑚,𝑑 𝑥𝑟 𝑑−𝑚

𝑥=1

, 0 ≤ 𝑘 ≤ 𝑑 − 𝑚

= 

𝑚=0

𝑑−𝑘

𝛼𝑚,𝑑 −1 𝑑−𝑚−𝑘 𝑆𝑑−𝑚−𝑘 ,𝑑−𝑚−1

Where

𝑆𝑝,𝑞 = 

0≤𝑎1<𝑎2<...<𝑎𝑝≤𝑞

𝑎1𝑎2. . . 𝑎𝑝

= 

1≤𝑎1<𝑎2<...<𝑎𝑝≤𝑞

𝑎1𝑎2. . . 𝑎𝑝  ;  𝑆0,𝑞 = 1

In particular, we have

𝛼0,𝑑 = 1, 𝛼1,𝑑 = 𝑑 + 𝑆1,𝑑−1 = 𝑑 +
𝑑(𝑑 − 1)

2
=

𝑑(𝑑 + 1)

2
= 𝑆1,𝑑

Also, for 𝑘 = 0,1,2, . . . , 𝑑 − 2, we have the following 

recurrence relation



𝑚=0

𝑑−𝑘

𝛼𝑚,𝑑 −1 𝑑−𝑚−𝑘 𝑆𝑑−𝑚−𝑘 ,𝑑−𝑚−1 = 0

𝛼𝑘,𝑑 = − σ𝑚=0
𝑘−1 𝛼𝑚,𝑑 −1 𝑘−𝑚 𝑆𝑘−𝑚 ,𝑑−𝑚−1 ;  2 ≤ 𝑘 ≤ 𝑑.

For 𝑑 = 5, we have

𝛼0,5 = 1; 𝛼1,5 = 15; 𝛼2,5 = − 𝛼0,5𝑆2,3 − 𝛼1,5𝑆1,3 = 55;

𝛼3,5 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = − −𝛼0,5𝑆3,4 +𝛼1,5 𝑆2,3 − 𝛼2,5𝑆1,2 = 50;

𝛼4,5 = − 𝛼0,5𝑆4,4 −𝛼1,5 𝑆3,3 + 𝛼2,5𝑆2,2 − 𝛼3,5𝑆1,1 = 6 

⟹  𝛼𝑝
5 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑

= (𝑝 − 1)(𝑝 − 3)(𝑝 − 5)(𝑝 − 7)(𝑝 − 9) + 15(𝑝 − 1)(𝑝

− 3)(𝑝 − 5)(𝑝 − 7) + 55(𝑝 − 1)(𝑝 − 3)(𝑝 − 5) + 50(𝑝

− 1)(𝑝 − 3) + 6(𝑝 − 1)

𝑻𝒉𝒆 𝑪𝒐𝒎𝒑𝒍𝒆𝒕𝒆 𝑨𝒓𝒓𝒂𝒏𝒈𝒆𝒎𝒆𝒏𝒕

𝑨𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝑨𝒖𝒕(ℤ𝒏) 𝒐𝒏 ℤ𝒏
𝒅 \𝐿 

Let 𝐴𝑢𝑡(ℤ𝑛) denote the automorphism group of ℤ𝑛, and 

𝐿, the complete hyperplane arrangement on ℤ𝒏
𝒅 where 

ℤ𝑛 is the ring of integers modulo 𝑛. Then 𝐴𝑢𝑡(ℤ𝑛) acts 

naturally on ℤ𝒏
𝒅 \𝐿component-wise. Here, we will identify 

𝐴𝑢𝑡(ℤ𝑛) with the set {𝑘 ∶  1 ≤ 𝑘 ≤ 𝑛 − 1 𝑎𝑛𝑑 𝑔𝑐𝑑(𝑘, 𝑛) =

1}. An element 𝒙 ∈ ℤ𝒏
𝒅 \𝐿 is called irreducible if 

𝑔𝑐𝑑(𝒙, 𝑛) = 1, otherwise x is called reducible. Let 

ℛ𝑛
𝑑(𝑟𝑒𝑠𝑝. 𝐼𝑛

𝑑) denote the sets of reducible (resp. 

irreducible) elements of ℤ𝒏
𝒅 \𝐿. Then,

 ℤ𝒏
𝒅 \𝐿 = ℛ𝑛

𝑑 ⊔ 𝐼𝑛
𝑑

The following theorem shows that computing

 𝛼𝑛
𝑑 = | ℤ𝒏

𝒅 \𝐿| is equivalent to computing 𝛽𝑛
𝑑= |𝐼𝑛

𝑑|.

Theorem 2.1 ( 1 ). Let 𝑛 ≥ 3 𝑎𝑛𝑑 1 ≤ 𝑑 < 𝑛 and consider the 

action of 𝐴𝑢𝑡 ℤ𝑛  on ℤ𝒏
𝒅\𝐿.

      (a) For any 𝑘 ∈ 𝐴𝑢𝑡 ℤ𝑛  𝑎𝑛𝑑 𝑎𝑛𝑦 𝒙 ∈ ℤ𝒏
𝒅\𝐿, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑘 ∈

𝑆𝑡𝑎𝑏 𝒙  𝑖𝑓𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓
𝑛

𝑔𝑐𝑑 𝑘−1,𝑛
 divides 𝑔𝑐𝑑 𝒙, 𝑛 . In particular, if 

𝑔𝑐𝑑 𝒙, 𝑛 = 1, then 𝑆𝑡𝑎𝑏 𝒙 = 1 𝑓𝑜𝑟 𝑎𝑛𝑦 𝒙 ∈ ℤ𝒏
𝒅\𝐿.

 (b) The number of orbits of the restricted action of 𝐴𝑢𝑡 ℤ𝑛  on 

𝐼𝑛
𝑑  is equal to 

 𝛽𝑛
𝑑

𝜙(𝑛)
. Thus 𝜙(𝑛) 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝛽𝑛

𝑑 .

 (c) 𝛼𝑛
𝑑= σ𝑚|𝑛,𝑚≥𝑛  𝛽𝑚

𝑑  𝑎𝑛𝑑 𝛽𝑛
𝑑 = σ𝑚|𝑛,𝑚≥𝑛  𝛼𝑛

𝑑 𝜇
𝑛

𝑚

       (d) If 𝑑 ≥ 𝑚𝑎𝑥 {𝑚 ∶  1 ≤ 𝑚 < 𝑛 𝑎𝑛𝑑 𝑚|𝑛 }, then 𝛼𝑛
𝑑= 𝛽𝑛

𝑑  and 

𝜙(𝑛) 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝛼𝑛
𝑑 . Moreover, the conclusion of this statement                            

holds if 𝑑 ≥
𝑛

2
. 

Determining 𝜶𝒏
𝒅 for 𝒅 >

𝒏

𝟐
 𝒐𝒓 𝒅 ≤ 𝟑.

We first determine 𝛼𝑛
𝑑 for 𝑑 >

𝑛

2
. We will use the following 

important theorem based on Savchev and Chen. 

Theorem 2.2 ( 2 ). Every element 𝒙 ∈ ℤ𝒏
𝒅\𝐿 of length 𝑑 >

𝑛

2
 

can be uniquely represented as (𝑥1𝑘 , 𝑥2𝑘 , . . . , 𝑥𝑑𝑘) where 𝑘 

generates ℤ𝒏 and 𝑥1 , 𝑥2 , . . . , 𝑥𝑑 are positive integers whose 

sum is less than 𝑛.

Theorem 2.3. Let 𝑛 ≥ 3 𝑎𝑛𝑑 𝑑 > Τ𝑛
2 . Then, 𝛼𝑛

𝑑= 𝜙(𝑛)
𝑛 − 1

𝑑
Sketch of 𝑃𝑟𝑜𝑜𝑓. We consider the action of 𝐴𝑢𝑡(ℤ𝒏) 𝑜𝑛 ℤ𝒏

𝒅 \𝐿 . 

Since 𝑑 > Τ𝑛
2 it follows from theorem 2.1(d) that 𝛼𝑛

𝑑= 𝜙(𝑛)𝑁, 

where 𝑁 is the number of orbits under the action of 𝐴𝑢𝑡(ℤ𝒏). 

So, it suffices to determine 𝑁. Thus, 𝑁 is the number of 

ordered tuples (𝑥1 , 𝑥2 , . . . , 𝑥𝑑) that satisfy σ𝑖=1
𝑛 𝑥𝑖 < 𝑛 .Thus, 

𝑁 = 

𝑗=1

𝑛−1

𝑗 − 1
𝑑 − 1

=
𝑛 − 1

𝑑

Therefore, 𝛼𝑛
𝑑= 𝜙(𝑛)

𝑛 − 1
𝑑

.         QED.

Corollary 1 For any positive integer 𝑘, we have 𝛼𝑛
𝑛−𝑘=

𝜙 𝑛
𝑛 − 1
𝑘 − 1

 for all large enough value of 𝑛. Moreover,

𝑙im
𝑛

𝑖𝑛𝑓
𝜙(𝑛 + 1)

𝜙(𝑛)
= 0, 𝑎𝑛𝑑 𝑙im

𝑛
𝑠𝑢𝑝

𝜙(𝑛 + 1)

𝜙(𝑛)
= ∞ 

Given positive integers 𝑑 𝑎𝑛𝑑 𝑛, an odd prime 𝑝 and a finite field 

ℤ𝑝 𝑤𝑖𝑡ℎ 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑝, an affine hyperplane (or simply hyperplane) in a 

vector space ℤ𝒑
𝒅 is the set of all solutions to an equation of the form σ𝑖=1

𝑑 𝑎𝑖 𝑥𝑖 =

𝑏, where 𝑎𝑖 , 𝑏 ∈ ℤ𝑝, and not all 𝑎𝑖 equal to zero. A finite collection of hyperplanes 

in ℤ𝒑
𝒅  is called a hyperplane arrangement (or arrangement). An arrangement 𝐻 

in ℤ𝒑
𝒅  is called the Threshold arrangement if 𝐻 = {𝑥𝑖 + 𝑥𝑗 = 0 ∶ 1 ≤ 𝑖 < 𝑗 ≤ 𝑑}. 

An arrangement 𝐿  in ℤ𝒏
𝒅 is called complete if 𝐿 is the collection 

{ σ𝑥𝑖∈𝑆 𝑎𝑖𝑥𝑖 = 0 ∶ 𝑆 𝑖𝑠 𝑛𝑜𝑛𝑒𝑚𝑝𝑡𝑦 𝑎𝑛𝑑 𝑆 ⊆ {𝑥𝑖 : 1 ≤ 𝑖 < 𝑗 ≤ 𝑑} } . As mentioned in 

the abstract, we are interested in the cardinality of the sets ℤ𝒑
𝒅 \𝐻 and ℤ𝒏

𝒅 \𝐿. We 

denote 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑) = | ℤ𝒑

𝒅 \𝐻 | ,  𝛼𝑛
𝑑 = |ℤ𝒑

𝒅 \𝐿 |. 
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Theorem 1.1. Let 𝑑 be a positive integer, then there exists a 

monic polynomials 𝑓𝑑(𝑥) , ℎ𝑑(𝑥) of degree 𝑑 with integer 

coefficients such that for any sufficiently large prime 

𝑝, 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑) = 𝑓𝑑(𝑝), 𝛼𝑝

𝑑 = ℎ𝑑(𝑝). 

𝑆𝑘𝑒𝑡𝑐ℎ 𝑜𝑓 𝑃𝑟𝑜𝑜𝑓. Consider the 
𝑑
2

 hyperplanes defined by the 

equations 𝑥𝑖 + 𝑥𝑗 = 0 ∶ 1 ≤ 𝑖 < 𝑗 ≤ 𝑑; that is, the threshold 

arrangement on ℤ𝒏
𝒅. For every non-empty subset 𝑃𝑖 of these 

hyperplanes, let 𝐴𝑖 be a matrix whose rows are the coefficients of 

hyperplanes contained in 𝑃𝑖 . Then 𝐴𝑖 defines the linear map: 

𝐴𝑖 :  𝐹𝑝
𝑑 → 𝐹𝑝

𝑚𝑖

Where 𝑚𝑖 = # 𝑜𝑓 ℎ𝑦𝑝𝑒𝑟𝑝𝑙𝑎𝑛𝑒𝑠 𝑖𝑛 𝑃𝑖 . Then 𝑁𝑢𝑙𝑙(𝐴𝑖) is the 

intersection of the hyperplanes in 𝑃𝑖 . Therefore, we have  

 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑)

= 𝑝𝑑

− |𝑡ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑎𝑙𝑙 𝑝𝑜𝑖𝑛𝑡𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑢𝑛𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒
𝑑
2

 ℎ𝑦𝑝𝑒𝑟𝑝𝑙𝑎𝑛𝑒𝑠 𝑖𝑛 𝐻|

Using the exclusion-inclusion principle, we have

 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑) = 𝑝𝑑 − 

𝐴𝑖⊆𝑆

±𝑁𝑢𝑙𝑙(𝐴𝑖)

Therefore,

 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑) = 𝑝𝑑 − 

𝐴𝑖⊆𝑆

± 𝑝𝑑−𝑟𝑎𝑛𝑘(𝐴𝑖)

We know that 𝑟𝑎𝑛𝑘 𝐴𝑖  is equal to the maximum order of a non-

zero minor of 𝐴𝑖. But the set of all minors of 𝐴𝑖 is finite. Therefore, 

if 𝑣𝑑 is the maximum prime divisor of one of these minors of 𝐴𝑖 , 

then for every 𝑝 > 𝑣𝑑, we have rank (𝐴𝑖) independent of 𝑝. Also, 

rank(𝐴𝑖) ≥ 1 because the entries of 𝐴𝑖 are not all zeros. 

Therefore,

 𝛼𝑝
𝑑 𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = 𝑂(𝑝𝑑).

QED.

Theorem 1.2 (R.P. Stanley). Let 𝑝 be an odd prime, then the 

exponential generating function of 𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑) is given by



𝑑≥0

𝛼𝑝
𝑑(𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑)

𝑥𝑑

𝑑!
= (1 + 𝑥) 2𝑒𝑥 − 1

𝑝−1
2

Let 𝑥𝑛 𝑓(𝑥) denote the coefficient of 𝑥𝑛 in 𝑓(𝑥), then from 

theorem 1.2, we see that
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